In this paper scalars and functions are real valued. However, the arguments extend easily to the complex case. In the last section we show how corresponding results may be obtained when / is replaced by any uncountable compact metric space. 1* The Baire classes as function algebras* We shall start by recalling classical definitions and facts concerning the Baire classes of functions on the unit interval /. Let C(I) be the class of all real continuous functions on / with supremum norm. Denote by S3,, the class of all bounded functions which are pointwise limits of sequences of functions in C(I), and for each countable ordinal a inductively define 93 α to be the class of all bounded functions on I which are pointwise limits of sequences of functions in \Jβ <a $bp. We call 35 α the class of Baire functions of order a.
There is another approach to S3 α . Each countable ordinal a is even or odd as follows: 1 is odd and each limit ordinal is even; the immediate successor of an even ordinal is odd, and of an odd ordinal is even. Let F o be the class of all closed subsets of /; and F λ be the class of countable unions of sets in F o . For each a (i) F a is the class of all countable unions of sets in \J β<a F β , if a is odd;
(ii) F a is the class of all countable intersections of sets in \Jβ <a The classes F a , G ay H a satisfy many simple relationships. In particular, the complement of an F a set is in G a , etc., and H a is a field of sets (i.e., closed under finite unions and intersections and complements). For a complete discussion see [4] and [6] . Now for each a denote by 2t α the class of all bounded functions f on I such that for every real λ, the sets all belong to the multiplicative class of type a. The following classical result ([6] Returning to 33 α , we note that it is an algebra of bounded functions on / which is closed under uniform convergence ([4] , page 134). Thus S5 α is a Banach algebra of bounded functions under the uniform norm satisfying the obvious condition.
COMPLEMENTATION PROBLEMS FOR THE BAIRE CLASSES
Let Ω a be the compact set of nonzero multiplicative linear functionals on S3 α with the weak star topology. Define By the real form of the Gelfand-Naimark theorem (Arens [1] ), the ma P X' f~*f is an isometric algebra isomorphism of 33 α onto C(Ω a ). Since evaluation at a point of / is multiplicative, there is a natural imbedding τ a \ I->Ω a of I into Ω a determined by Moreover, τ a (I) is dense in Ω a , since if / vanishes on τ a (I), f must vanish on I. Also τ a {I) is discrete in its relative topology as a subset of Ω a , since the characteristic function of a point of I belongs to 33 α . Thus we may regard Ω a as a certain compactification of the discrete unit interval.
Our next aim is to prove that Ω a is totally disconnected. Note that the following statements are equivalent for a function /e35 α . Proof. Let ω x and ω 2 be distinct points of Ω a . We can find feC(Ω a ) such that the sets
are closed neighborhoods of ω x and ω 2 .
Define/(ί) =/(r β (ί)), t e I. Then the sets A, = τ-ι (U t Π r(J)), i = 1, 2 satisfy and thus are of multiplicative class a{a + 1) if a is finite (infinite). By Lemma 1.3 there exist disjoint sets W u W 2 in K a such that Ai £ Wi. The sets F* = τ a ( W t ) are open and closed neighborhoods of ω i9 They are disjoint, since otherwise their intersection contains a point of the dense set τ a (I) 9 contradicting the fact that WΊ Π W 2 = 0. 2* Topological tools* In this section we collect some basic facts concerning spaces of continuous functions and projections onto subalgebras. Let S and T be compact Hausdorίf spaces and φ: S -• T be a continuous onto map. We call the elements of the collection fibers. Then 9ΐ forms an upper semi-continuous closed set decomposition of S ( [5] ,
page 99). Define φ°: C(T)-+C(S) by the formula (Φ°f)(s)=f(Φ(s)),feC(T),seS.
The map φ° is an isometric algebra isomorphism of C(T) onto the subalgebra of those functions in C(S) which are constant on each set of 81.
If the closed subalgebra φ\C{T)) is the range of a bounded projection P from C(S) 9 we define the projection constant p(φ) to be the infimum of ||P|| for all such P. We define p(φ) = + oo if φ°(C(T)) is uncomplemented. We shall need a result of S. Z. Ditor [2] (formulated here in somewhat different terms) which relates p(ψ) to the topological structure of S and φ. Suppose {t a } is a net in T converging to ί o We define the cluster set for {t a } to be (t\ there exist nets {t a }, {t β } of points of M ln " ι) ) (converging to t whose cluster sets are disjoint)
The next theorem is due to S. Z. Ditor [2] .
, then Φ°(C(T)) is uncomplemented in C(S).
In our application of this result to the Baire classes, matters will be simplified by the fact that the map φ: S-+ T appearing in that context will be irreducible (i.e., there is no proper closed subset S x of S such that ΦiS^ = T). In the case of irreducible maps the set M
{1)
is just the set of multiple points for φ. We prove this. The necessary lemma is a consequence of the uppersemicontinuity of 9ΐ. ( 1) are disjoint neighborhoods of ψ^ of uncountable type. Consider C t . The uncountable Borel set contains a Cantor set F t ([6] , page 446) which is necessarily in K^K a . Thus the set is of uncountable type, A £ A and ^(A) S d. By Proposition 3.2 A contains a special multiple point ω x and clearly φ~~ί(ω^i^C 1 . A similar argument applies to C 2 . Since A was arbitrary, it follows that there exist two nets {ω ξ }, {ω η } whose members are special multiple points, such that
Since C 1 Π C 2 = 0, the cluster sets Km sup ^(a^) and lim sup ^(G)*) are nonempty disjoint subsets of φ~ι(ω<). Since ω ξ , ω η e M (1) , by Definition 2.1 ω 0 e M {2) . However, now each ω ξ , ω η satisfies the hypotheses for ω 0 , so by the same argument ω ξ , ω v e Λf (2) and ω 0 e M (3) , etc. Thus
To prove Proposition 3.2 we first establish Proof. Let A be a set in K a of uncountable type. The Borel set E = τ~\A n τ a (I)) contains a Cantor set F. We may write F = G U H, where G and H are both uncountable sets lying in K β ~ K a , since the Cantor set contains Borel subsets of every Baire class relative to itself and hence also relative to I ( [3] and [6] , page 351). Thus which is a union of fibers. Since C intersects φ~\<o^ it must contain it, contradicting the fact C° intersects φ^i COROLLARY 3.7. // 2 ^ a < β, then every multiple point is a special multiple point, and
To Thus the set K = A -^"'(G) is a subset of ^(CΊ U Q, and hence of countable type, and AAK -Φ~ι{G) eφ^K 1 ). This contradiction proves the existence of a special multiple point for φ in R.
The method above may also be used to prove that C(I) is uncomplemented in S3 α for a Ξ> 1 and also that each S5 α is uncomplemented in the Banach space 35 ωi = \J a<ω^8a of all bounded Borel measurable
